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Abstract
We lay out a general framework for calculating the variation of a set of cosmological observ-
ables, down the past null cone of an arbitrarily placed observer, in a given arbitrary inhomogeneous
metric. The observables include redshift, proper motions, area distance and redshift-space den-
sity. Of particular interest are observables that are zero in the spherically symmetric case, such as
proper motions. The algorithm is based on the null geodesic equation and the geodesic deviation
equation, and it is tailored to creating a practical numerical implementation. The algorithm pro-
vides a method for tracking which light rays connect moving objects to the observer at successive
times. Our algorithm is applied to the particular case of the Szekeres metric. A numerical im-
plementation has been created and some results will be presented in a subsequent paper. Future
work will explore the range of possibilities.
1 Aim and Motivation
On the scale of clusters and superclusters, cosmic flows have been the subject of extensive research,
usually based on interpreting observations in the light of Newtonian gravitational dynamics, such as
the beautiful graphics of Tully et al [1]. In fact, the ability to measure flows on very large scales may
not be far off. Current radio astrometry, by analysing decades of data, is able to detect proper motions
of extra-galactic objects and even quasars, of the order of a few micro-arc-seconds per year [2, 3, 4, 5].
Interestingly, Krasinski and Bolejko [6] did estimate the rate of “drift across the sky” of sources in
inhomogeneous models to be of order 10−6 arcseconds/year.
To date, cosmic flows have not really been investigated as a feature of inhomogeneous cosmological
models. This is due to either the high symmetry of the situations modelled (central observer in a
spherically symmetric model) or the complexity of doing the calculation in a non-symmetric model. We
here present a general framework for calculating various observables for abitrarily moving observers and
sources in an arbitrary spacetime. These observables include redshift, proper motion (“cosmic flow”),
area distance and redshift space density, amongst other possibilities. The approach is designed for
efficient numerical implementation, and numerical examples will be presented in a subsequent paper,
Paper II [7].
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An “inhomogeneous cosmological model” is an exact solution of the Einstein field equations (EFEs)
that generically has non-zero density, though regions of vacuum are often possible. To be realistic, the
equation of state should be physically acceptable, even if simplified. Any given models can be applied on
any scales, since the EFEs have a scale freedom. The study of such models is an important complement
to perturbation methods, and Newtonian N-body simulations, since they are fully relativistic and fully
non-linear. As measurements become increasingly accurate, the need for exact models will become
more apparent. Thus they are very useful regardless of whether there is inhomogeneity on the largest
observable scales.
In fact, analyses of observations continue to exhibit “tensions” which hint at anisotropy and even
redshift-dependence in the Hubble flow [8, 9, 10, 11, 12, 2, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22,
23, 24, 25, 26, 27]. Whilst these have yet to be solidly confirmed on the large scale, it is certain
that the structures that are known to exist must have some effect on the smaller scale. Similarly the
near-alignment of the dipole, quadrupole and octopole moments in the CMB may conceivably be due
to the effect of some large scale structure [28].
The presence or absence of proper motions on large scales would put constraints on possible models.
The development of non-linear models of the observable effects of different structures would assist in
interpreting results and calculating constraints. Therefore, it is of considerable interest to investigate
how inhomogeneities of different shapes and sizes would affect the perceived Hubble flow and the
pattern of peculiar velocities. Perturbation theory is well suited to statistical analysis of fluctuations,
whereas the use of exact inhomogeneous models is more appropriate for building specific models and
analysing particular observational features. This is a first exploration of the issue.
Our interest here is in determining observations for a given observer in a given spacetime metric.
In other words, we seek to use a known inhomogeneous solution of the EFEs to construct a particular
model, then see what the observations would be and how they would change. One aim is to develop
models which have acceptably small fluctuations at recombination, but which have a measurable flow
at later times which may or may not have developed into a strong inhomogeneity, and to check the
magnitude of the resultant perturbations of the CMB. Preliminary versions of this work can be found
at [29].
This is in a sense the reverse of the ‘Observational Cosmology’ (OC) approach [30, 31, 32, 33, 34, 35,
36, 37, 38, 39, 40, 41], and the related Metric of the Cosmos approach [42, 43, 44, 45, 46, 47, 48, 49]
or inverse problem [50, 51, 52]. There one defines coordinates based on the observer’s PNC, with
incoming light rays labelled by observed sky angles and time, and the idea is to use observations plus
the EFEs to specify what our spacetime metric is. However these approaches treat our observations
as occurring at a single time relative to cosmic timescales, so that the EFEs are needed to evolve the
spacetime to the future and past. If, on the other hand, observations are long enough or accurate
enough to detect variation on the large scale, then it is more important that each PNC (originating at
successive times on the observer’s worldline) be constructed in a similar way.
We have recently learned of overlapping work by Korzyn´ski [53], that also finds formulas for observ-
ables using past null geodesics and the geodesic deviation equation, for general sources and observers
in general spacetimes. So far, though, it does not have a numerical implementation, and there are
important differences in the approach.
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2 Mapping the Fluid Flow to Proper Motion Measurements
on an Observer’s Sky
Determining the evolution of observations in a general metric is a highly non-trivial matter, primarily
because light rays from source to observer at successive times will not cross the same set of intervening
spatial points. One can trace a single ray backwards from the observer, and at some point choose the
source. But, for light emitted at a later time from that same source, what is the correct direction to
follow to arrive back at the observer, given that the spacetime is non-symmetric and dynamic? It is
essential to know these light paths in order to calculate the evolution of redshift, diameter or luminosity
distance, proper motion, etc. Thus one appears to be saddled with a major numerical exercise. We
here propose a method which will give instantaneous rates of change of observations, such as bulk flow
patterns, and which will also serve as a guide to numerical light ray tracking methods for determining
the longer term evolution of observations.
The past null cone (PNC) is the basis of all astronomical measurements. We consider an observer
O, with 4-velocity uao who sets up null cone coordinates xˆ
α = (τ, χ, ϑ, ϕ) centred on her own position.
We envisage that the spacetime contains inhomogeneities, and that the metric describes these to some
level of accuracy. We do not assume that observer and emitter are each comoving with the local mean
flow, though that is the simplest option1. The set of light rays that arrive at a particular observer O
form a 3-parameter congruence of null geodesics with tangent vector ka. The natural way to label
these light rays is with O’s right ascension and declination, or with galactic lattitude and longitude,
and the time of observation in O’s frame. Anything that O sees in a particular direction will be labelled
with the same sky coordinates (ϑ, ϕ), and the time of observation τ .
In order to map emission events in spacetime to measurements of the angle and time as observed,
we need to Lie drag the observer’s (τ, ϑ, ϕ) coordinates down the light rays of her past null cone.
By this construction, τ , ϑ & ϕ are constant along each incoming null geodesic. Although it will be
convenient to deal with basis vectors below, note that at this point we are primarily mapping scalars
(τ , ϑ, ϕ) down the PNCs of observation events, rather than vectors2.
The only natural parameter or “distance” down the light ray is redshift, z, as the true distance
of a source and the time light was emitted are not measurable. However, z is not guaranteed to be
monotonically increasing [54], and more importantly we will need to integrate down these light rays
relative to some parameter. For this purpose it makes sense to construct the affine parameter χ, thus
ka = dxa/dχ. To complete the coordinate system, it is sensible to use χ and kb as the last coordinate
and basis vector.
We propagate these coordinates as follows, assuming we have a given metric:
(a) choose a set of reference directions at the observer, and set up
time-radial-angular coordinates τ˜ , r˜, ϑ˜, ϕ˜ in the observer’s vicinity;
(b) solve for the PNC — the paths of the incoming light rays;
(c) Lie drag the observer’s coordinates and basis vectors along the PNC.
We now deal with these in turn. The remainder of section 2 deals with calculations down a single ray.
Once that is working correctly, extension to many sky directions and many observation times becomes
quite easy. See Fig 1 for an illustration.
1The observer’s motion will never be exactly the same as the cosmological flow. If the metric is a Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) approximation, then there are proper motions of ∼ 600 km/s away from the Hubble flow. If
the metric is an exact description down to the level of individual galaxies, say, there would still be the orbit of the sun,
the orbit of the earth, and the earth’s rotation to account for. The idea here is to investigate how cosmic flows might
be modelled, so we will at present ignore these issues.
2Parallel transport is obviously wrong for ϑ & ϕ
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OObserver’s worldline
E
Emitter’s worldline
O′
Incoming light rays
uo
ue
eˆτˆ
eˆϑˆ
k = eˆχˆ
N
eˆτˆ
eˆϑˆ
k = eˆχˆ
Fig. 1 Illustration of the observer’s
coordinate basis. The observer’s time, and
angle measurements (τˆ , ϑˆ, ϕˆ) are propagated
down the PNC from each observation event,
and the affine parameter χˆ along the light
rays is the fourth coordinate. The solid lines
are the observer’s and emitter’s worldlines,
the light ray from E to O, and two nearby
light rays. The dashed curve is the section
through O’s PNC at the time of emission, a
locus of constant (τˆ , χˆ). The observer’s
4-velocity is uo and the emitter’s 4-velocity is
ue. The basis vectors at E are eˆτˆ , eˆϑˆ, eˆϕˆ
(not shown), and k = eˆχˆ. A similar set of
basis vectors is shown just out from the
observer’s position at N .
2.1 Propagating the Observer’s Coordinates and Basis
(a) Observer’s Sky Coordinates & Local Basis For the given metric gab and coordinates x
c, we
specify the observer’s worldline, O, and at least locally we set up an orthonormal tetrad (ONT) ee with
e0 in the direction of the observer’s 4-velocity,
ei
∣∣
o
=
[
ei
a
∂a
]
0
, (1)
where ∂a are the coordinate basis vectors and the components ei
a define the new basis ei. We allow
the observer’s worldline to be a general timelike path; the simplest example is for O to be comoving
with the fluid flow (the timelike eigenvector of the matter). Since it is always possible to set up local
coordinates such that the Christoffel symbols are zero to 1st order, there will be associated coordinates
xe in the neighbourhood of O, and x0 = τ is the observer’s proper time. Whether or not this is a
coordinate basis, we will only need the ei and their first derivatives at O, and we will construct a
coordinate basis from them.
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Taking the e1, e2 & e3 basis vectors to be the directions of (ϑ, ϕ) = (π/2, 0), (ϑ, ϕ) = (π/2, π/2)
& ϑ = 0, we convert to a spherical basis3, with coordinates x˜i = (τ˜ , r˜, ϑ˜, ϕ˜)
e˜τ˜ = e0
e˜r˜ = sin ϑ˜ cos ϕ˜ e1 + sin ϑ˜ sin ϕ˜ e2 + cos ϑ˜ e3
e˜ϑ˜ = r˜ cos ϑ˜ cos ϕ˜ e1 + r˜ cos ϑ˜ sin ϕ˜ e2 − r˜ sin ϑ˜ e3
e˜ϕ˜ = −r˜ sin ϑ˜ sin ϕ˜ e1 + r˜ sin ϑ˜ cos ϕ˜ e2 ,
(2)
where r˜ is a proper radius from O and e˜r˜ is a spacelike unit vector pointing outwards from O and
orthogonal to e˜τ˜ , e˜ϑ˜, e˜ϕ˜. Then we convert to a null radial basis vector by writing
τˆ = r˜ + τ˜ , χˆ = r˜ ↔ τ˜ = τˆ − χˆ , r˜ = χˆ , (3)
obtaining a past null tetrad (PNT) for the observer, associated with coordinates xˆi = (τˆ , χˆ, ϑˆ, ϕˆ)
eˆτˆ = e˜τ˜ = e0
eˆχˆ = −e˜τ˜ + e˜r˜ = −e0 + sin ϑˆ cos ϕˆ e1 + sin ϑˆ sin ϕˆ e2 + cos ϑˆ e3
eˆϑˆ = e˜ϑ˜ = χˆ cos ϑˆ cos ϕˆ e1 + χˆ cos ϑˆ sin ϕˆ e2 − χˆ sin ϑˆ e3
eˆϕˆ = e˜ϕ˜ = −χˆ sin ϑˆ sin ϕˆ e1 + χˆ sin ϑˆ cos ϕˆ e2 ,
(4)
and these are the basis vectors that are to be propagated down the observer’s PNC. Note that τˆ is a
null coordinate — it labels particular past null cones4.
For clarity, we summarise our conventions for these frames below. Note that the ONT “coordinates”
xi and the observer’s natural “coordinates” x˜m will only exist locally.
Coord System/Basis “Coordinates” Basis Index Symbols
coordinates of given metric xa ∂b a, b, c, · · ·
ONT near O xi ej i, j, k, · · ·
observer’s natural coords near O x˜m = (τ˜ , r˜, ϑ˜, ϕ˜) e˜n m,n, o, · · ·
observer’s PNC coords & PNT xˆα = (τˆ , χˆ, ϑˆ, ϕˆ) eˆβ α, β, γ, · · ·
(b) Propagating ka The observer’s PNC is propagated outwards by means of the null geodesic
equation
δka
δχˆ
= 0 (5)
or rather
dka
dχˆ
= −kbΓabckc , kaka = 0 , dx
a
dχ
= ka (6)
which is solved numerically, giving the path of the light ray, the affine parameter χˆ, and the basis vector
kb = eˆχˆ
b. Obviously, we need a starting point [xa]o and an initial [k
a]o. The latter follows from (4)
and the choice of ray direction, (ϑˆ, ϕˆ), via
[k]o = eˆχˆ = −e0 + sin ϑˆ cos ϕˆ e1 + sin ϑˆ sin ϕˆ e2 + cos ϑˆ e3 . (7)
3This basis is of course degenerate at the observer.
4This is different from the “fluid-ray tetrad” of [35], since the latter uses the local fluid 4-velocity.
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This ensures that, in O’s orthonormal frame, the initial null vector is kα = (−1, 1, 0, 0), or in terms of
coordinate components,
|kbubua|o = 1 = |ka(δca + ucua)|o → (kbub)2o . (8)
This can be made more explicit once a metric is chosen — see later in §3.
(c) Propagating the Past Null Tetrad Beyond the immediate neighbourhood of O, we define the
observer’s PNC coordinates and basis by Lie dragging them down the PNC. Thus in principle, the basis
could be propagated by,
[eχˆ, eα] = Lkeˆα = 0 = kb∂beˆαa − eˆαb∂bka (9)
→ d
dχˆ
eˆα
a = eˆα
b∂bk
a . (10)
However, this requires knowledge of the transverse derivative, ∂bk
a, which would be an extra numerical
calculation. Alternatively, since the eˆβ
c obey (9) and kd obeys (6), the geodesic deviation equation
holds,
δ2eˆα
a
δχˆ2
= −Rabcd kb eˆαc kd , (11)
and so the basis vectors {eˆτˆ , eˆϑˆ, eˆϕˆ} are deviation vectors linking nearby light rays. Typically, the
Christoffel symbols Γabc and Riemann tensor components R
a
bcd are available analytically for a given
metric. However, we avoid the transverse derivative in (10) at the cost of having to solve a higher
order differential equation (DE). Just as (6) is preferable to (5) numerically, so numerical integration
of the components eˆα
a along kb requires that (11) be converted to an equation for d2eˆα
c/dχˆ2 — see
appendix A. Therefore putting V a = ka, v = χˆ and W b = eˆα
b into (93), the equation to be integrated
is
d2eˆα
a
dχˆ2
= −kb
(
2Γabc
deˆα
c
dχˆ
+ eˆα
ckdΓadb,c
)
. (12)
For this purpose we need initial conditions on eˆα
a and deˆα
a/dχˆ at O, which we derive in the next
section. We establish under what conditions the resulting basis is a coordinate basis in appendix B.
Once the observer’s coordinates have been propagated down the PNC, they provide the transfor-
mation between the metric coordinates and the observer’s PNC coordinates,
eˆαc = ec
α =
∂xˆα
∂xc
, ecα = eˆα
c =
∂xc
∂xˆα
. (13)
We will see below that what we actually need not just eˆα
a but also its inverse eˆαa, obtained via
eˆαa eˆβ
a = δαβ ↔ eˆαb eˆαa = δab . (14)
One may therefore consider propagating the dual basis vectors instead, and the DE for this is given in
(104).
In principle we now have 4 numerically distinct methods of propagating the observer’s basis, which
should all agree: (i) Lie dragging then inversion, (ii) geodesic deviation then inversion, (iii) inversion
then Lie dragging, (iv) inversion then geodesic deviation. The method pursued below and in Paper II
is (ii).
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2.2 Initial Conditions for the Basis Propagation
To solve (12) requires initial conditions on the observer’s PNC basis and their derivatives, at O, i.e.
when χ→ 0. For eτˆ , we require that it coincide with uo at O.
lim
χˆ→0
eτˆ
c = uco . (15)
The observer-origin limits of the third and fourth of (4) give us
eˆϑˆ
∣∣
χˆ→0 = limχˆ→0
[
χˆ cos ϑˆ cos ϕˆ e1 + χˆ cos ϑˆ sin ϕˆ e2 − χˆ sin ϑˆ e3
]
eˆϑˆ
∣∣
χˆ=0
= 0 (16)
eˆϕˆ
∣∣
χˆ→0 = limχˆ→0
[
−χˆ sin ϑˆ sin ϕˆ e1 + χˆ sin ϑˆ cos ϕˆ e2
]
eˆϕˆ
∣∣
χˆ=0
= 0 (17)
Next consider the k vectors at O and O′ in fig 1. Once k at O is chosen, the one at O′ must be
in the same direction, as perceived by the observer. Therefore it is constructed by Fermi transport of
k along uo
δka
δτ
∣∣∣∣∣
χˆ=0
=
[
ubo∇bka − kbabouao + kbuboaao
]
χˆ=0
= 0 , (18)
where the observer’s proper acceleration is
aco = u
d
o∇duco =
[
eˆτˆ
d∇deˆτˆ c
]
χˆ=0
. (19)
Thus, using (15) and (10), we find
eˆτˆ
b∂bk
a + eˆτˆ
bΓabck
c = kba
b
oeˆτˆ
a − kbeˆτˆ baao (20)
→ deˆτˆ
a
dχ
∣∣∣∣∣
χˆ=0
=
[
− eˆτˆ bΓabckc + kbaboeˆτˆ a − kbeˆτˆ baao
]
χˆ=0
. (21)
If the observer is geodesic, then abo = 0 and Fermi transport becomes parallel transport. Looking at
the second of (4), and noting that
lim
χˆ→0
dej
dϑˆ
= 0 = lim
χˆ→0
dej
dϕˆ
, (22)
since the variation happens at one point, we obtain
dk
dϑˆ
∣∣∣∣∣
χˆ→0
= lim
χˆ→0
[
cos ϑˆ cos ϕˆ e1 + cos ϑˆ sin ϕˆ e2 − sin ϑˆ e3
]
(23)
dk
dϕˆ
∣∣∣∣∣
χˆ→0
= lim
χˆ→0
[
− sin ϑˆ sin ϕˆ e1 + sin ϑˆ cos ϕˆ e2
]
. (24)
Again by (10) we arrive at
deϑˆ
a
dχˆ
∣∣∣∣∣
χˆ→0
=
dka
dϑˆ
∣∣∣∣∣
χˆ→0
=
[
cos ϑˆ cos ϕˆ e1
a + cos ϑˆ sin ϕˆ e2
a − sin ϑˆ e3a
]
χˆ=0
(25)
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and
deϕˆ
a
dχˆ
∣∣∣∣∣
χˆ→0
=
dka
dϕˆ
∣∣∣∣∣
χˆ→0
=
[
− sin ϑˆ sin ϕˆ e1a + sin ϑˆ cos ϕˆ e2a
]
χˆ=0
. (26)
Our set of initial conditions are (15), (16), (17), (21), (25) and (26). These will be applied to a
specific example metric and PNT below in section 3.
For the inverse basis propagation DEs (104), the initial conditions are given by (14) at χ→ 0 and
d
dχ
eˆβb
∣∣∣∣∣
χˆ→0
=
[
−eˆαb eˆβa d
dχ
eˆα
a
]
χˆ→0
, β = τˆ , ϑˆ, ϕˆ . (27)
2.3 Proper Motions and Redshift
The proper motion of a source, is the rate of change of observed angle with respect to observer
time. We write
dx˜m
dτ˜
∣∣∣∣
o
=
[
∂x˜m
∂xˆβ
dxˆβ
dτˆ
dτˆ
dτ˜
]
o
=
[
eˆβ
mdxˆ
β
dτˆ
]
o
, (28)
where
[
dxˆβ
dτˆ
]
o
=
[
dxˆβ
dτˆ
]
e
=
[
∂xˆβ
∂xa
dxa
dτe
dτe
dτˆ
]
e
=
[
eˆβau
a
]
e
(1 + z)
, (29)
where τe is the source proper time, τ˜o is the observer’s proper time, and τˆ is its extension down the
PNC. Clearly, the basis vectors, once propagated, have to be inverted numerically, using (14).
In particular, referring to (4), these two equations provide us with the redshift and the components
of the proper motion. From (29),
1 =
dτˆ
dτˆ
∣∣∣∣
o
=
[
eˆτˆ au
a
]
e
(1 + z)
→ 1 + z = [eˆτˆ aua]e , (30)
so from (28),
dϑ˜
dτ˜
∣∣∣∣∣
o
=
[
eˆϑˆau
a
]
e
(1 + z)
(31)
dϕ˜
dτ˜
∣∣∣∣
o
=
[
eˆϕˆau
a
]
e
(1 + z)
. (32)
Naturally, dr˜/dτ˜
∣∣
o
= 0 by construction.
2.4 Objective Plane
Given a light ray tangent vector ka, and a unit vector defining a chosen time direction tc, then the
spatial direction of the light ray, in the spatial frame of tc is
8
3-surface orthogonal to va
3-surface orthogonal to ta
2-surface orthogonal to both va & tb
ray
tˆa
va
ka
Fig. 2 Illustration of the
projection orthogonal to the
ray direction and a
preferred time direction.
The dashed line represents
the image plane with one
dimension suppressed.
va =
ka
C
+ ta , where C = kct
c , C < 0 , (33)
since it obeys
vava = +1 , vbt
b = 0 and hence vckc = C . (34)
An illustration of this is shown in fig 2. The tensors
hab = δ
a
b + t
atb , j
b
c = δ
b
c − vbvc (35)
project orthogonally to tc and vd respectively, and projecting orthogonally to both gives
habj
b
c = δ
a
c −
kakc
C2
− (t
akc + k
atc)
C
. (36)
This defines the emitter’s objective plane, but we must select the most appropriate ta. Now eˆτˆ has
been propagated by Lie dragging uo along k, and so is not necessarily expected to preserve direction
in any sense. Nevertheless, eˆτˆ does represent the separation of two emission events that are perceived
by the observer to be from the same direction at subsequent times. From this point of view,
tb =
[
eˆτˆ
b√
−eˆτˆ cgcdeˆτˆ d
]
e
. (37)
It might alternatively be suggested that ta ought to be the parallel propagation of uo along k, viz
kb∇bta = 0 , tc
∣∣
o
= uco , (38)
though a clear physical argument for this escapes us. However, if we say that the diameter or area
distance is the ratio of the physical size of the object when you’re right next to it, over the measured
angular size, then we should choose
tb = ube , (39)
for an object that is comoving with the fluid flow. For cosmologists, this last is how it is normally
represented, though only its practical application in FLRW or spherically symmetric (i.e. LT) spacetimes
has been looked at.
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2.5 Basis Directions Compared with line of sight
In an inhomogeneous model, the propagated angular basis vectors, eˆϑˆ
a & eˆϕˆ
b, may not remain
perpendicular to the line of sight, and they would develop non-zero values for the dot products
eˆβ
a va and eˆβ
c tˆc , β = ϑˆ, ϕˆ , (40)
which have to be compared with their magnitudes,
sinψβ =
eˆβ
a va√
eˆβb eˆβb
and sinh ξβ =
eˆβ
c tˆc√
eˆβb eˆβb
, β = ϑˆ, ϕˆ . (41)
Calculation of these quantities would indicate how much the angular basis vectors had become “disori-
ented”.
2.6 Area Distance
Consider a narrow bundle of incoming light rays emitted by some finite sized object, and subtending
observer angles dϑˆ and dϕˆ. The solid angle of this bundle (at the observer) is
dΩo = sin ϑˆ dϑˆ dϕˆ . (42)
As usual, we assume the width of the bundle is everywhere small compared with the cosmological or
curvature scales. Out at the emitter, an affine distance χe or redshift ze away, dϑˆ maps to a physical
displacement vector dxϑˆ = eˆϑˆ dϑˆ, and dϕˆ maps to dx
ϕˆ = eˆϕˆ dϕˆ. These are the relative displacements
between the points reached by the rays at χ = χe. A first estimate of the physical area spanned by
these vectors would be obtained via the magnitude of the wedge product dxϑˆ ∧ dxϕˆ,
dA =
√
(gab eˆϑˆ
a eˆϑˆ
b dϑˆ2)(gcd eˆϕˆc eˆϕˆd dϕˆ2)− (gab eˆϑˆa eˆϕˆb dϑˆ dϑˆ)2 . (43)
However, as noted in section 2.5 and illustrated in fig 3, the vectors dxϑˆ & dxϕˆ do not necessarily lie
in the objective 2-space that’s orthogonal to the light rays and the local matter flow.
Em
itt
er
dA
Lines of constant χˆ
R
ay
d
ir
ec
ti
o
n
s,
co
n
st
an
t
ϑˆ
,
ϕˆ
,
τˆ
Fig. 3 Illustration of the
physical extent of the
emitter, projected onto the
(ϑˆ, ϕˆ) plane (green bar),
which lies in the constant χˆ
surfaces. Since the
constant χˆ curves (dashed
green lines) are not
necessarily orthogonal to
the light rays, the correct
physical area to use is the
projection orthogonal to the
line of sight (blue bar).
To get the correct area distance, we need the area as projected perpendicular to the line of sight. We
could project each of the displacements before taking their wedge product,
Da =
[
habj
b
cdx
c
]
e
. (44)
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However, we rather use the permutation pseudo tensor to find the area enclosed by the ray bundle in
the objective 2-space,
dA =
∣∣∣ηabcd ta vb (eˆϑˆc dϑˆ)(eˆϕˆd dϕˆ)∣∣∣
=
∣∣∣√|g| εabcd ta
(
kb
C
+ tb
)
eˆϑˆ
c eˆϕˆ
d dϑˆ dϕˆ
∣∣∣ , C = kc tc
=
∣∣∣√|g| εabcd ta
(
kb
C
)
eˆϑˆ
c eˆϕˆ
d dϑˆ dϕˆ
∣∣∣ . (45)
The area distance is then
d2A =
dA
dΩo
=
∣∣∣∣∣
√
|g|
C sin ϑˆ
εabcd t
a kb eˆϑˆ
c eˆϕˆ
d
∣∣∣∣∣ , (46)
and tb = ube is the preferred choice.
2.7 Number Counts
We wish to relate the density of the given spacetime metric to the observed number counts in
redshift space. Consider an element of the PNC 3-surfaces of dimensions dϑˆ, dϕˆ, dχˆ, as depicted in fig
4, and suppose that N sources are observed within that ‘volume’, having average mass µ. In principle,
µ could be a function of position and time.
χˆ
z
χˆ+dχˆ
z + dzd3V
Incoming light rays
O
E
Source worldlines
uo
ue
Fig. 4 A set of sources
enclosed within a PNC
‘volume’, and the volume’s
projection, parallel to the
source worldlines, into the
local 3-space of the emitters.
The redshift-space number density, in units of number per unit redshift per unit solid angle, is
nˆ =
N
dz sin ϑˆ dϑˆ dϕˆ
(47)
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so the mass within the region is
dM = µ nˆ sin ϑˆ dϑˆ dϕˆdz . (48)
In this subsection, all quantities are evaluated at the emitter.
The physical 3-volume containing those sources is the projection of this null slice perpendicular to
the local emitter 4-velocity uae ,
d3V =
∣∣∣ηabcd uae (eˆχˆb dχ) (eˆϑˆc dϑˆ) (eˆϕˆd dϕˆ)∣∣∣ (49)
=
∣∣∣√|g| ǫabcd uae kb eˆϑˆc eˆϕˆd dχ dϑˆ dϕˆ∣∣∣ (50)
=
dA dχˆ
|C| , (51)
using dA from (45). If the metric density is ρ, then the mass in this volume element is
dM = ρ d3V . (52)
By (30), the redshift displacement corresponding to dχˆ is
dz =
dz
dχˆ
dχˆ =
(
uae
d
dχˆ
eˆτˆ a + eˆ
τˆ
a
d
dχˆ
uae
)
dχˆ , (53)
which for comoving emitters is
dz = uae
(
d
dχˆ
eˆτˆ a
)
dχˆ . (54)
For non-comoving emitters, one would need to define their 4-velocity as a vector field, in order to
calculate (53). Putting these expressions together, we find
dM = ρ
∣∣∣√|g| ǫabcd uae kb eˆϑˆb eˆϕˆb∣∣∣dχ dϑˆ dϕˆ (55)
= µ nˆ sin ϑˆ dϑˆ dϕˆdz (56)
→ nˆ =
ρ
∣∣∣√|g| ǫabcd uae kb eˆϑˆb eˆϕˆb∣∣∣
µ sin ϑˆ
(
dz
dχˆ
) . (57)
Eq (57) allows numerical computation of the observable number density in redshift space, given the
metric quantities and µ.
3 The Szekeres Model
3.1 Basics
We now apply the above general framework to the case of the Szekeres (S) metric [55, 56]. This
metric is interesting because it is an inhomogneous dust cosmology with 5 physical arbitrary functions
of one variable and no symmetries (Killing vectors). There are two families — Datt-Kantowski-Sachs-
like (“β ′ = 0”) and Lemaˆıtre-Tolman-Ellis-like (“β ′ 6= 0”), but the former can be written as a regular
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limit of the latter [57]. It comes in 3 varieties: quasi-spherical, quasi-planar, and quasi-hyperboloidal.
Loosely speaking, the metric can be described as being composed of a sequence of constant-r shells
(spherical, planar, or right hyperboloidal) that are arranged non-symmetrically relative to each other,
and each of which evolves according to its own set of parameters, as determined by the local values of
the arbitrary functions. The arbitrary functions S(r), P (r) and Q(r) determine how non-symmetric the
arrangement of shells is, and the arbitrary functions f(r), M(r) and a(r) determine the time evolution
of each shell. To be specific, the line element is
ds2 = −dt2 +
(
R′ − RE′
E
)2
dr2
ǫ+ f
+
R2
E2
(
dp2 + dq2
)
. (58)
where f = f(r) is a curvature-energy function, R = R(t, r) obeys
R˙2 =
2M
R
+ f +
ΛR2
3
, (59)
and M = M(r) is a mass-like function appearing in the “gravitational potential” term of (59). For
quasi-spherical regions, it is the gravitational mass within the spherical shell of constant r. The
integration of (59) introduces the bang time function a(r) which defines the time on each constant
r shell when R(a(r), r) = 0. The 3 arbitrary functions f , M and a and the R(t, r) that depends on
them are mathematically the same as in the Lemaˆıtre-Tolman (LT) metric [58, 59].
The evolution of R depends on the value of f , or more correctly, the value of f/M2/3. When Λ = 0
the solutions of (59), in terms of a parameter η, are
Hyperbolic (f > 0, 0 < η <∞)
R =
M
f
(cosh η − 1) , (60)
(sinh η − η) = f
3/2(t− a)
M
, (61)
Parabolic (f = 0)
R =
(
9M(t− a)2
2
)1/3
, (62)
Elliptic (f < 0, 0 < η < 2π)
R =
M
(−f)(1− cos η) , (63)
(η − sin η) = (−f)
3/2(t− a)
M
, (64)
and the time-reverse solutions are also possible.
The function E = E(r, p, q) is given by
E =
S
2
(
(p− P )2
S2
+
(q −Q)2
S2
+ ǫ
)
(65)
and ǫ determines the geometry of the (p − q) 2-surfaces; +1 for spherical, 0 for planar, and −1 for
hyperboloidal. In fact a single metric can contain shells of all 3 types. The coordinates (p, q) are related
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to more usual coordinates on a sphere or hyperboloid, (θ, φ), by a Riemann projection, see e.g. [60].
However, in the latter coodinates the metric is not diagonal5.
Although the terms “radius” and “radial” properly apply only in spherical symmetry, we will continue
to describe r as a “radial” coordinate with all ǫ values, for lack of better terminology6. A key difference
though is that quasi-planar and quasi-hyperboloidal models cannot have origins [61].
The matter content is comoving dust, T ab = ρUaU b, U c = δct , for which the density is
κρ =
2
(
M ′ − 3M E′
E
)
R2
(
R′ −RE′
E
) . (66)
The comoving requirement breaks down and singularities form, when shells of matter at different r
values intersect. Thus, to ensure a regular S model, one needs to check the conditions for no shell
crossings [62, 63, 61] are satisfied by the chosen arbitrary functions; these are summarised in [60].
The S metric contains the Ellis metrics [64] as a special case, when S, P and Q are constant, the
LT metric being the ǫ = +1 Ellis metric, and the Ellis metrics contains the dust Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric as the homogeneous special case. Interestingly, the Szekeres case
when f(r), M(r) and a(r) take their FLRW forms,
M ∝ f 3/2 , a = 0 , (67)
while S(r), P (r) and Q(r) are free (within the no shell crossing conditions), is also the FLRW metric in
non-symmetric coordinates7. The Schwarzschild metric is obtained when M , S, P & Q are constant,
though care is needed to get good coordinate coverage [63, 67].
One may think of a Szekeres model as an LT or Ellis model with additional inhomogeneities deter-
mined by the dipole functions S, P & Q. This is because the evolution of R(t, r), upon which the
evolution of everything else depends, is completely determined by the three functions f , M and a.
Therefore it is convenient to group the arbitrary functions into the “LT functions” f , M & a, and the
“dipole functions” S, P & Q.
See [63] and [61] for a discussion of the properties of the S metrics, [68] or [69] for a list of
citations, and [60] for a well-illustrated summary. See also [66] for an extensive review of this and other
inhomogeneous cosmologies.
3.2 The Observer Basis DEs
We place the observer at an arbitrary (t, r, p, q) position, and for this implementation we assume
both observer and emitter are comoving. At the observer O, an orthonormal basis for (58), at a general
location, is
e0
a =


1
0
0
0

 , e1a =


0√
ǫ+f
(R′−RE′
E
)
0
0

 , e2a =


0
0
E
R
0

 , e3a =


0
0
0
E
R

 , (68)
5Note that the observer’s sky angles ϑˆ & ϕˆ are different from the Szekeres coordinate angles θ, φ defined via a
Riemann projection, see [60].
6There will be no detailed geometric discussion in this paper, within which a disctinction would be necessary.
7The first statement of this seems to be by Goode and Wainwright in [65], where they remark at eq (2.24) that zero
shear, and hence FLRW, is obtained with β+ = 0 = β−. In the present notation this is −sign(f)
√
|f | /3{M ′/M −
3f ′/(2f)} = 0 = |f |2a′/(6M), which does imply M ∝ f3/2 & a′ = 0. Their notation does not allow f to be zero away
from an origin, M = 0. See also section 1.3.4 of [66].
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and the observer’s angles are shown relative to these in fig 5.
k
ϑˆ
ϕˆ
e3 = eq
e2 = ep
e1 = er
Fig. 5 The observer’s ray angles and
reference directions defined for the Szekeres
metric.
For any given initial ray direction, (ϑˆ, ϕˆ), we find the initial PNC basis vectors by inserting (1) into
(4), using (68) for the components of ei
a, and taking the χˆ → 0 limit. The result agrees with (15),
(16) & (17):
eˆτˆ
a =


1
0
0
0

 , eˆχˆa =


−1
sin ϑˆ cos ϕˆ
√
ǫ+f
(R′−RE′
E
)
sin ϑˆ sin ϕˆE
R
cos ϑˆE
R

 ,
eˆϑˆ
a =


0
χˆ cos ϑˆ cos ϕˆ
√
ǫ+f
(R′−RE′
E
)
χˆ cos ϑˆ sin ϕˆE
R
−χˆ sin ϑˆE
R

 → eˆϑˆa
∣∣∣
χˆ=0
=


0
0
0
0

 ,
eˆϕˆ
a =


0
−χˆ sin ϑˆ sin ϕˆ
√
ǫ+f
(R′−RE′
E
)
χˆ sin ϑˆ cos ϕˆE
R
0

 → eˆϑˆa
∣∣∣
χˆ=0
=


0
0
0
0

 . (69)
Note that, by (7) the initial ka is the eˆχˆ
a given in (69). Their initial derivatives are found by using (68)
in (21), (25) & (26),
d
dχˆ
eˆτˆ
a
∣∣∣∣∣
χˆ=0
=


0
−√ǫ+ f (R˙′ − R˙E ′/E)
(R′ − RE ′/E)2 sin ϑˆ cos ϕˆ
−R˙E
R2
sin ϑˆ sin ϕˆ
−R˙E
R2
cos ϑˆ


o
,
d
dχˆ
eˆχˆ
a =
(
− sin2 ϑˆ cos2 ϕˆ
(
(R˙′−R˙E′/E)
(R′−RE′/E) − R˙R
)
− R˙
R
)
o
,
d
dχˆ
eˆϑˆ
a
∣∣∣∣∣
χˆ=0
=


0
cos ϑˆ cos ϕˆ
√
ǫ+f
(R′−RE′/E)
cos ϑˆ sin ϕˆE
R
− sin ϑˆE
R


o
,
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ddχˆ
eˆϕˆ
a
∣∣∣∣∣
χˆ=0
=


0
− sin ϑˆ sin ϕˆ
√
ǫ+f
(R′−RE′/E)
sin ϑˆ cos ϕˆE
R
0


o
(70)
and by using (68) in (6)
d
dχˆ
eˆχˆ
t
∣∣∣
χˆ=0
=
[
−
(
(R˙′ − R˙E ′/E)
(R′ −RE ′/E) −
R˙
R
)
sin2 ϑˆ cos2 ϕˆ− R˙
R
]
o
(71)
d
dχˆ
eˆχˆ
r
∣∣∣
χˆ=0
=
[ √
ǫ+ f
(R′ − RE ′/E)
{
2(R˙′ − R˙E ′/E)
(R′ − RE ′/E) sin ϑˆ cos ϕˆ
+
2E
(R′ − RE ′/E) sin ϑˆ cos ϕˆ
[(
E ′p
E
− E
′Ep
E2
)
sin ϑˆ sin ϕˆ+
(
E ′q
E
− E
′Eq
E2
)
cos ϑˆ
]}
+
(ǫ+ f)
(R′ − RE ′/E)
{
1
R
(1− sin2 ϑˆ cos2 ϕˆ)
− (R
′′ − (R′E ′ +RE ′′)/E +RE ′2/E2)
(R′ − RE ′/E)2 sin
2 ϑˆ cos2 ϕˆ
}
+
2f ′
(R′ − RE ′/E)2 sin
2 ϑˆ cos2 ϕˆ
]
o
(72)
d
dχˆ
eˆχˆ
p
∣∣∣
χˆ=0
=
[
− 2E
√
ǫ+ f
R2
sin2 ϑˆ cos ϕˆ sin ϕˆ+
2R˙E
R2
sin ϑˆ sin ϕˆ+
2EEq
R2
sin ϑˆ sin ϕˆ cos ϑˆ
+
EEp
R2
(sin2 ϑˆ sin2 ϕˆ− cos2 ϑˆ)− E
2
RB
(
E ′p
E
− E
′Ep
E2
)
sin2 ϑˆ cos2 ϕˆ
]
o
(73)
d
dχˆ
eˆχˆ
q
∣∣∣
χˆ=0
=
[
− 2E
√
ǫ+ f
R2
sin ϑˆ cos ϑˆ cos ϕˆ+
2R˙E
R2
cos ϑˆ+
2EEp
R2
sin ϑˆ cos ϑˆ sin ϕˆ
− EEq
R2
(sin2 ϑˆ sin2 ϕˆ− cos2 ϑˆ)− E
2
RB
(
E ′q
E
− E
′Eq
E2
)
sin2 ϑˆ cos2 ϕˆ
]
o
(74)
The commutation coefficients, the Christoffel symbols and their partial derivatives are calculated
using GRTensor [70] & Maple [71]. See appendix B for the commutation coefficients.
3.3 Area Distance and Redshift Space Number Density
When calculating the area elements and area distance of eqs (43), (45) & (46), for the Szekeres
model we choose comoving emitters,
tˆc = U c = δct ,
√
|g| =
(
R′ − RE′
E
)
R2√
ǫ+ f E2
, C = kt → (75)
d2A =
∣∣∣∣∣
√|g|
kt sin ϑˆ
εtbcd k
b eˆϑˆ
c eˆϕˆ
d
∣∣∣∣∣ (76)
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=∣∣∣∣∣
√|g|
kt sin ϑˆ
(
kr eˆϑˆ
p eˆϕˆ
q − kr eˆϑˆq eˆϕˆp + kp eˆϑˆq eˆϕˆr − kp eˆϑˆr eˆϕˆq + kq eˆϑˆr eˆϕˆp − kq eˆϑˆp eˆϕˆr
)∣∣∣∣∣ . (77)
Similarly for the redshift space number density we get
nˆ =
2
(
M ′ − 3M E′
E
)
κR2
(
R′ − RE′
E
)
∣∣∣∣∣
√|g|
µ
(
d
dχˆ
eˆτˆ t
)
sin ϑˆ
×
(
kr eˆϑˆ
p eˆϕˆ
q − kr eˆϑˆq eˆϕˆp + kp eˆϑˆq eˆϕˆr − kp eˆϑˆr eˆϕˆq + kq eˆϑˆr eˆϕˆp − kq eˆϑˆp eˆϕˆr
)∣∣∣∣∣ . (78)
Eq (57) allows numerical computation of the observable number density in redshift space, given the
metric quantities and µ.
This section has presented the specialisation of our general framework to the Szekeres inhomoge-
neous cosmology with comoving emitters and observers. In Paper II, [7], we shall develop the general
framework and Szekeres example into a numerical algorithm coded in MATLAB.
4 Conclusions
Cosmological observations are becoming ever more precise, and the interpretation of those ob-
servations needs increasingly detailed modelling. Amongst the available tools, only ‘inhomogeneous
cosmologies’ are both exact and fully non-linear. Thus understanding the relation between exact inho-
mogeneities and observations is fast becoming indispensible.
We have set up a clear and simple framework for calculating a set of cosmological observables, for a
randomly placed observer, watching arbitrarily moving sources, in a general inhomogeneous spacetime,
assuming the metric is given. The framework is based on the null geodesic equation and the geodesic
deviation equation. The standard tensor form of these equations, ideal for mathematical manipulation,
was recast in terms of total derivatives to make the equations suitable for a numerical treatment. The
framework consists of setting up a past null tetrad for an observer with arbitrary position and motion,
and then Lie dragging the observer’s angle and time coordinates down her past null cone. This results
in a numerically calculated coordinate basis, and this basis allows the easy calculation of the redshift
and proper motion of any source along the line of sight, as well as the area distance and redshift
space number density. Other variables will be considered in future. The discussion in [42] and in [43]
regarding source evolution and the use of multicolour observations apply here too.
Our framework is applicable to general observers and emitters in any given spacetime metric, and it
combines generality with relative simplicity and numerical efficiency, so it is a valuable tool in its own
right. Furthermore, this approach is complementary to the ‘Metric of the Cosmos’ project, that seeks
to derive the metric from observations, in that our framework can provide test data.
A problem often encountered in tracing light rays between source and observer in non-symmetric
spacetimes is that rays from the same emitter at successive times are emitted in different directions
and arrive at the observer from different directions. Our formalism provides a simple solution to this
problem, since the instantaneous rate of change of observed angle is obtained directly from the proper
motion.
The essential results from this paper, that a numerical realisation will need, are the PNC definition
(4), the numerical null geodesic equation and initial condition (6) & (7), the numerical basis propagation
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(geodesic deviation) equation (12)/(93) and its alternative for propagating inverse basis (104), the
initial conditions for basis propagation (15), (16), (17), (21), (25) and (26), the redshift (30), the
components of proper motion (31), (32), the area distance (46) with (45) or (43), and the redshift
space density (57). The basis tilt equations (41) could also be useful. In addition, for any given metric,
such as the Szekeres example above, one would need a choice of ONT (68), and the specific application
of the above (69)-(78).
Paper II will describe the numerical implementation of this framework, and begin the process of
exploring observations in a variety of cosmological models of different scales.
A Propagating the Observer’s Basis Using the Geodesic Devi-
ation Equation
A.1 Derivation
The standard geodesic deviation equation uses tensor derivatives, which are ideal for physical un-
derstanding and for doing covariant calculations. But to actually integrate vector or tensor components
along a path, we need to convert the absolute derivatives into total derivatives, and re-write the equation
as an ordinary differential equation.
The geodesic deviation equation is
δ2W a
δv2
= −RabcdV bW cV d , (79)
Rabcd = −Γacb,d + Γadb,c − Γecb Γade + Γedb Γace , (80)
where W a is the deviation vector field, V a = dxa/dv is the vector field for a geodesic congruence, and
v is the affine parameter along V a, while (80) applies to a coordinate basis. The requirements for the
geodesic deviation construction are that V c is geodesic, and it commutes with W d,
δV a
δv
=
dV a
dv
+ V bΓabcV
c = 0 = V b∇bV a (81)
V b∇bW a −W b∇bV a = 0 (82)
However, in using (79) to propagate W c along a geodesic congruence, we actually need the variation
of the components of W b, that is d2W a/dv2. Thus
δW a
δv
= V b
(
∂bW
a + ΓabcW
c
)
(83)
=
dW a
dv
+ V bΓabcW
c (84)
δ
δv
δW a
δv
= V b
(
∂b
δW a
δv
+ Γabc
δW c
δv
)
(85)
= V b
(
∂b
{
dW a
dv
+ V dΓadcW
c
}
+ Γabc
{
dW c
dv
+ V dΓcdeW
e
})
(86)
=
{
d2W a
dv2
+
dV d
dv
ΓadcW
c + V bV dΓadc,bW
c + V dΓadc
dW c
dv
}
+
{
V bΓabc
dW c
dv
+ V bΓabcV
dΓcdeW
e
}
(87)
18
=
d2W a
dv2
+ Γabc
(
W c
dV b
dv
+ 2V b
dW c
dv
)
+ V bW cV d
(
Γadc,b + Γ
a
be Γ
e
dc
)
(88)
(by (79)) = −RabcdV bW cV d = V bW cV d
(
Γacb,d − Γadb,c + Γecb Γade − Γedb Γace
)
(89)
∴
d2W a
dv2
= −Γabc
(
W c
dV b
dv
+ 2V b
dW c
dv
)
+ V bW cV d
(
Γacb,d − Γadb,c − Γadc,b + Γecb Γade − Γedb Γace − Γabe Γedc
)
(90)
= −Γabc
(
W c
dV b
dv
+ 2V b
dW c
dv
)
− V bW cV d(Γadb,c + Γedb Γace) (91)
= −2ΓabcV bdW
c
dv
− V bW cV dΓadb,c − ΓaecW c
(
dV e
dv
+ V bV dΓedb
)
(92)
(by (81))
d2W a
dv2
= −V b
(
2Γabc
dW c
dv
+W cV dΓadb,c
)
(93)
For completeness, we repeat the calculation for a covariant Wb, since gab does not commute with
d/dv:
δWa
δv
= V b(∂bWa − ΓcbaWc) (94)
=
dWa
dv
− V bΓcbaWc (95)
δ
δv
δWa
δv
= V b
(
∂b
δWa
δv
− Γcba δWc
δv
)
(96)
= V b
(
∂b
{
dWa
dv
− V dΓcdaWc
}
− Γcba
{
dWc
dv
− V dΓedcWe
})
(97)
=
{
d2Wa
dv2
− dV
d
dv
ΓcdaWc − V bV dΓcda,bWc − V dΓcdadWc
dv
}
−
{
V bΓcba
dWc
dv
− V bΓcbaV dΓedcWe
}
(98)
=
d2Wa
dv2
− Γcba
(
Wc
dV b
dv
+ 2V b
dWc
dv
)
− V bWcV d
(
Γcda,b − Γeba Γcde
)
(99)
= −RabcdV bWcV d = −RcdabV bWcV d (100)
= V bWcV
d
(
Γcad,b − Γcbd,a + Γead Γcbe − Γebd Γcae
)
(101)
d2Wa
dv2
= +Γcba
(
Wc
dV b
dv
+ 2V b
dWc
dv
)
+ V bWcV
d
(
Γcda,b + Γ
c
ad,b − Γcbd,a
− Γeba Γcde + Γead Γcbe − Γebd Γcae
)
(102)
(by (81)) = Γcba
(
Wc
{−V eV dΓbed} + 2V bdWc
dv
)
+ V bWcV
d
(
2Γcad,b − Γcbd,a − Γebd Γcae
)
(103)
d2Wa
dv2
= V b
(
2Γcba
dWc
dv
+WcV
d
(
2Γcad,b − Γcbd,a − 2Γcea Γebd
))
(104)
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A.2 Consistency of (6) & (12)
We here check the basis propagation equation (93) with an obvious special case: the propagation of
eˆaχ = k
a should be consistent with the geodesic equation. We differentiate the radial geodesic equation
(6) to get
dka
dχ
= −Γabckbkc (105)
d2ka
dχ2
= − d
dχ
(
Γabck
bkc
)
= −kd∂d
(
Γabck
bkc
)
(106)
= −kd(Γabc,dkbkc + 2Γabckb∂dkc) (107)
= −kdΓabc,dkbkc − 2kdΓabckb
(∇dkc − Γcdeke) (108)
= −kdΓabc,dkbkc + 2kdΓabckbΓcdeke (109)
= −kdΓabc,dkbkc + 2kdΓabekbΓedckc (110)
= −kbkckd
(
Γabc,d − 2ΓabeΓedc
)
; (111)
while (93), with the substitutions V a = ka = W a & v = χ — that is (12), becomes
(by (81))
d2ka
dχ2
= −kb
(
2Γabc
dkc
dχ
+ kckdΓadb,c
)
(112)
= −2kbΓabedk
e
dχ
− kbkckdΓadb,c (113)
= −2kbΓabe
(
− Γedckdkc
)
− kbkckdΓadb,c (114)
= +2kbΓabeΓ
e
dck
dkc − kckdkbΓabc,d (115)
= kbkckd
(
2ΓabeΓ
e
dc − Γabc,d
)
. (116)
The agreement of (111) & (116) supports the validity of (93).
B Commutators
If the propagated basis eˆα is to be a coordinate basis, then its commutators must all be zero. By
construction, that is by (9) and (10), we already have all the [eˆχˆ, eˆα] = 0 for eˆχˆ = k and all α. By
the Jacobi identity, the remaining commutators are preserved by Lie dragging along the PNC — that
is, their values on O’s worldline are preserved. Near O we find
[eˆτˆ , eˆϑˆ] = χˆ
(
cos ϑˆ cos ϕˆ [eτ , e1] + cos ϑˆ sin ϕˆ [eτ , e2]− sin ϑˆ [eτ , e3]
)
(117)
[eˆτˆ , eˆϕˆ] = −χˆ
(
sin ϑˆ sin ϕˆ [eτ , e1] + sin ϑˆ cos ϕˆ [eτ , e2]
)
(118)
[eˆϑˆ, eˆϕˆ] = −χˆ2 sin ϑˆ
(
cos ϑˆ [{eτ−e1}, e2]− sin ϑˆ sin ϕˆ [e1, e3] + sin ϑˆ cos ϕˆ [e2, e3]
)
(119)
and
[eˆτˆ , eˆχˆ] = sin ϑˆ cos ϕˆ [eτ , e1] + sin ϑˆ sin ϕˆ [eτ , e2] + cos ϑˆ [eτ , e3] (120)
[eˆχˆ, eˆϑˆ] = χˆ
(
cos ϕˆ [eτ , e3]− sin ϕˆ [e2, e3]− cos ϕˆ [e1, e3]
)
(121)
[eˆχˆ, eˆϕˆ] = χˆ sin ϑˆ
(− sin ϑˆ [eτ−e1, e3]− cos ϑˆ sin ϕˆ [eτ−e1, e3]− cos ϑˆ cos ϕˆ [e2, e3]) (122)
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The first list need to be all zero (near O), but the second list do not, since they are not preserved by
Lie dragging. Note that (117)-(119) all go to zero on O where χˆ = 0, and (119) is second order in χˆ.
The zero values of these commutators at O are then preserved by the Lie dragging, so the constructed
basis is a coordinate basis. Such a coordinate system can always be set up near a single worldline.
Indeed, there should be no problem setting up the orthonormal basis near O’s worldline so that all the
commutators [ea, eb] are locally zero to first order.
For the Szekeres basis (68) we find the non-zero commutators are
[ei, ej ] = γ
k
ijek (123)
γ202 =
R˙
R
= γ303 , γ
1
01 =
R˙′ − R˙E ′/E
R′ − RE ′/E
γ232 =
Eq
R
, γ121 =
E ′p − EpE ′/E
R′ − RE ′/E
γ323 =
Ep
R
, γ131 =
E ′q − EqE ′/E
R′ − RE ′/E
γ221 =
√
ǫ+ f
R
= γ331


(124)
These are all finite at a general point, i.e. for a generic observer. The only divergencies occur at a
Szekeres “origin”, R = 0. Should the observer pass through R = 0, we can take χˆ ∼ R nearby, so the
commutators of the observer’s PNC coordinates remain zero.
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